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Abstract—Autonomous minimally invasive surgery (MIS) with
concentric tube robots (CTRs) requires fast, reliable inverse
kinematics (IK), yet IK for CTRs is challenging due to nonlinear
task to joint space mappings, multimodality from trigonometric
parameterizations, and kinematic redundancy. We investigate
how different task space representations affect learning-based
IK for three-tube CTRs and propose a sparse SE(3) shape
feature-enhanced diffusion model that characterizes the full
distribution of IK solutions. We show that deterministic re-
gression with recorded joint configurations is fundamentally
incompatible with the multimodal and redundant nature of the
IK problem. Our diffusion-based approach instead approximates
the multimodal joint space distribution, enabling sampling of
diverse, valid solutions. We further introduce distribution aware
metrics quantifying task space accuracy, joint solutions diversity,
physical plausibility, and best-of-K quality. On the benchmark
dataset, our method gives state-of-the-art, a tip position error
of 0.083 + 0.141 mm, tip orientation error of 0.218° £ 0.285°,
backbone shape error of 0.122 4+ 0.147 mm and orientation error
of 0.173° £ 0.210°.

Index Terms—Inverse kinematics, Generative models, Concen-
tric tube robots

I. INTRODUCTION

Concentric tube robots (CTRs) are built from nested, pre-
curved, super-elastic tubes whose relative rotation and transla-
tion produce curvilinear shapes able to follow narrow anatomi-
cal pathways that rigid instruments cannot reach. This intrinsic
dexterity makes them a leading candidate for robot-assisted
minimally invasive surgery (MIS) [1], [2], and progress toward
autonomy hinges on solving their inverse kinematics (IK)
quickly and reliably. Unlike rigid-link manipulators, CTRs are
governed by configuration-dependent continuum mechanics
with strong inter-tube elastic coupling, and no closed-form
IK exists. Model-based solvers [3], [4] are iterative, sensitive
to initialization, and degrade near singular configurations and
under hysteresis and snapping properties that are problematic
for surgical deployment.

Data-driven IK is an attractive alternative, but it faces a
structural obstacle: the IK map for CTRs is inherently redun-
dant and multimodal under trigonometric representation. For
three or more tubes, multiple distinct actuation configurations
correspond to the same tip pose, and all are valid solutions.
Most current learning-based CTR IK approaches use feed-
forward neural networks (FFNs) to predict a single ground-
truth actuation vector, optimizing it with a mean squared
error (MSE) loss regressing with recorded ground-truth [5]-
[8], which implicitly collapses the feasible set to its joint-
space average generally not itself a feasible configuration. The
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Fig. 1. Three-tube CTR prototype and notation. Joint actuation is the rotation
«; and translation 3; of each tube.

benchmark study of [8] reports that no satisfactory learning-
based IK model was obtained on their proposed public CTR
dataset, identifying this as an open problem.

We address this by formulating CTR IK learning as a
multimodal generative problem. We propose a conditional
diffusion model that denoises both the joint actuation vector
q and a sparse SE(3) features = € R!® conditioned on
target representations x, allowing the model to capture the full
distribution of the solution space while embedding backbone
shape information into the learning target. Our contributions
are:

e A conditional diffusion framework for CTR IK that
embeds sparse SE(3) shape features and models IK as a
multimodal conditional distribution.

e An analysis of how redundancy and the multimodal
trigonometric joint representation break the FFN+MSE
paradigm, rendering deterministic regression fundamen-
tally unsuitable for CTR IK.

o A systematic study of four task-space conditioning set-
tings, from tip pose to sparse per-tube observations,
showing how geometric information richness shapes the
accuracy and diversity of IK solutions.

o Multimodality-aware evaluation combining joint- and
task-space metrics under a best-of-K protocol, yielding
a more faithful assessment than MSE-based criteria.

II. METHODOLOGY

A. Problem Formulation
The raw CTR actuation Q.. = [a1, 1,2, B2, a3, 3] "
encodes per-tube rotations and translations subject to nesting

shown in Fig 1. Rotations are embedded as trigonometric pair
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Fig. 2. (a) Dataset characterisation. (1) Raw joint-space distributions: rotation angles c; are near-uniform over [—1, 1] rad; translations [3; follow triangular
marginals driven by mechanical coupling constraints. (2) After normalisation, the rotation marginals collapse to cosine-dominated peaks, revealing latent
multimodality obscured in raw angle space. (3) Concrete illustration of IK redundancy: multiple distinct joint configurations (purple clusters) map to the same
tip pose within a tolerance of < 0.5 mm and < 1°, confirming that the IK solution set is a one-to-many mapping unsuitable for deterministic regression.
(b) Conditional DDPM for CTR inverse kinematics. Lefi: four conditioning variants of increasing geometric richness, from tip pose ctip € R7 to the full

sparse SFE(3) frame sequence Crame € R2L. Centre: learning target y = [q ',

ET]T € R?7, jointly denoising joint actuation q and sparse shape features

E. Right: forward process q(y: | yt—1,x) corrupts yo to N'(0,I); reverse process pg(y+—1 | yt,x) recovers the full multimodal IK distribution.

(cos oy, sin «;) and translations normalised to [—1, 1], yielding
a unit-less, scale-invariant joint vector q € R? [9].

Shape information is critical for CTRs; conditioning on
tip pose alone neglects backbone geometry. We therefore
augment q with a sparse SE(3) shape feature E € R!8
(Sec. II-B) and learn the conditional distribution py(y|x)
where y = [qT,E27]T € R?".

B. Sparse SE(3) Shape Features

Motivated by Cosserat rod theory [10], continuous defor-
mation is described by the kinematic ODE % = T&. Since
the benchmark [8] provides only three distal sensor frames
{T;}?_, C SE(3), we adopt a discrete analogue. Frames are
expressed relative to the base,

To=1, T, = TalTl, T, = TalTZa T; = T0_1T3'
D

and each consecutive pair yields a relative twist via the matrix
logarithm:
¢ = 1og(T;1Ti+1) ERS, i=0,1,2. )
. . - T T T1T 18 . .
Stacking these gives & = [£,,&;,&,] € R'® indicating
the coarse backbone information. AtA inference, the predicted

= is integrated via Ti+l =T exp(éi) to recover the coarse
backbone shape.

C. Denoising Diffusion Probabilistic Models

We model py(y|x) with a conditional denoising diffusion
probabilistic models (DDPMs) [11]. Fig 2 (b) shows the full
model architecture in which the forward process corrupts yg
with Gaussian noise ¢ under schedule {&;}, and a denoising
network €p(y¢,t,c) is predicting the noise introduced by



TABLE I

SETUPS, SHOWN FOR REFERENCE ONLY.

IK EVALUATION RESULTS (BEST-K, K=32). BEST RESULTS HIGHLIGHTED IN RED. LITERATURE VALUES REPORTED UNDER DIFFERENT EXPERIMENTAL

Method Group Tip Pos. | Tip Ori. | Shape Pos. |  Shape Ori. | a Err. | B Err. |
(mm) ) (mm) ) ) (mm)

SE(3)-DDPM Frames Ours 0.083 +0.141 0.218 £0.285 0.122+0.147 0.173 +0.210 4.435 4+ 4.005 0.771 £ 0.613
SE(3)-DDPM Shape  Ours 0.108 +£0.094 0.291 £0.217 0.136 +£0.100 1.359 +1.101 6.498 4+ 7.324 0.742 £+ 0.411
SE(3)-DDPM 3Pts Ours 0.113+0.078 0.976 £1.598 0.142+0.080 1.589+1.294 6.591 4+ 7.003 0.670 £+ 0.344
SE(3)-DDPM Tip Ours 0.213+0.132 0.311 £0.228 1.649+0.946 4.623 £2.719 28.943 +22.459 2.920 + 1.984
IK-MSE Baseline 16.425 4+ 6.150 27.912 £ 15.800 23.972 4 8.551 - 57.364 £ 16.586 28.916 £ 14.838
IK-Cycle Baseline 10.109 £ 6.595 17.927 £ 12.493 21.303 £+ 9.059 - 58.729 £ 23.147 32.205 £+ 17.596
DDPM-Tip Baseline 0.267 +0.142 0.877 £1.263 1.754 + 0.884 - 26.668 £21.714 3.132 £2.001
DDPM-3Pts Baseline 0.224 +0.130 1.029 £1.630 0.417 +0.152 - 7.277 £ 6.922 0.588 £ 0.275
DDPM-Shape Baseline 0.247 +0.168 0.885£1.185 0.435+ 0.213 - 6.954 + 7.032 0.579 + 0.309

forward process and trained with a weighted loss over the
heterogeneous target:

L =E[Xlleg — &ll3 + Aellec — &3] - 3)

At inference we draw K candidates and select the best by
minimising & = eip + Eshape + Arer. Both single-sample
and best-of-K results are reported.

Task-space conditions. To study the effect of geometric
richness, we evaluate four conditioning signals of increasing
information content:

T LT T 7
Xtip = [ptipﬂrtip] eR’,

“)
Xshape — [plg,l‘gp]—r S RlB, Xframes — [p?,r?]?zl € R2,
&)

D. Baselines

We compare against deterministic regressors (IK-MSE, IK-
Cycle) and ablated diffusion models that predict q only
(DDPM-Tip, DDPM-3Pts, DDPM-Shape), isolating the con-
tribution of shape reconstruction.

E. Evaluation Metrics

In joint space we report the aggregate angular error e, =
(Z?Zl efm)l/ 2, where e,, ; is the wrapped per-tube angle dif-
ference recovered via atan2 from the sine—cosine representa-
tion, and the translation error eg = ||3—3]|2 in millimetres. In
task space we report the tip position error ey, = ||P3s — Psl|2.
the sparse shape error esnhape = %2?21 ||f), — pil|2, and the
geodesic orientation error ep = || log(R"R)|2 on SO(3) for
the tip and sparse shape frames.

III. EXPERIMENTS
A. Dataset and Setup

We evaluate on CRL-Dataset-CTR-Pose [8], the first open
benchmark from a physical three-tube CTR, containing
100,000 samples of joint values (o, 3;)7_; paired with four
SE(3) sensor frames per configuration. Following [8], we split
into 80,000 / 10,000 / 10,000 train/val/test samples. Sensor
noise is 0.7 mm RMS (position) and 0.20° RMS (orientation).

T T m™T 9
Xpoints = [pl ; Po 7p3] eR ’

All DDPM variants are trained for 1,000 epochs (AdamW,
Ir = 2x 1074, batch size 1,024) with a squared cosine
noise schedule over T'=1,000 steps and 100 inference steps.
The SE(3)-DDPM uses hidden size 384, depth 5; ablation
baselines use hidden size 256, depth 4.

B. Kinematic Redundancy and Multimodality

A three-tube CTR with 6-DoF nominally provides a unique
IK solution under full pose constraints. Empirically, however,
we observe residual redundancy in the benchmark: at a 0.5 mm
/ 1.0° tolerance, 50.4% of samples have at least two distinct
configurations mapping to the same pose, with mean cluster
size 1.80. A concrete example is shown in Fig 2 (a.(3)). We
attribute this to inter-tube coupling induced by pre-curvature,
which effectively reduces the independent DoF of the robot.
Additionally, encoding rotations as (cosay,sinc;) induces
a bimodal angular distribution seen in Fig 2 (a.(2)) that
MSE-based regressors cannot represent. This motivates the
generative formulation.

C. Results

FFN mode collapse. A feedforward network trained with
MSE loss (IK-MSE) collapses to a near-constant prediction
approximating the dataset mean, yielding tip errors exceeding
16 mm (Table I, Fig. 3). This is a direct consequence of aver-
aging over a multimodal, redundant IK distribution. Replacing
the joint-space loss with a cycle-consistency term through
a pretrained FK network (IK-Cycle) substantially recovers
distributional coverage, reducing tip error to 10.1 mm, yet the
FFN remains unable to represent the full multimodal structure
and still collapses bimodal angular marginals to unimodal
peaks.

Diffusion models recover the full distribution. DDPMs
accurately approximate the joint distribution regardless of con-
ditioning modality (Fig. 3), with all variants closely tracking
the ground-truth marginals including bimodal rotations and
plateau-shaped translations. The strongest purely positional
baseline, DDPM-3Pts (Best-K), achieves 0.224 mm tip posi-
tion and 1.029° tip orientation, reductions of over 97% relative
to IK-MSE.
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Fig. 3. Marginal joint-space distributions of FFN-based and DDPMs on the test split (Best-K'=32)

SE(3) shape augmentation. Augmenting the diffusion target
with 2 consistently improves every task-space metric, with
gains scaling with the geometric richness of the conditioning
input. Under three-point and shape conditioning, tip-position
error is approximately halved and sparse shape position error
reduced around 3x relative to the corresponding DDPM
baselines. The full-frame variant (Best-K, K=32) achieves
0.083 + 0.141 mm tip position and 0.218° + 0.285° tip
orientation—reductions of 69% and 75% over the strongest
DDPM baseline and over two orders of magnitude over IK-
MSE. Physical constraint satisfaction remains >98.1% across
all diffusion variants without any explicit feasibility terms in
training.

Inference speed. One-shot sampling with 100 denoising
steps runs at around 719Hz (1.39ms latency), exceeding
EM tracking (40Hz), FBG sensing (100Hz), and real-time
shape estimation (333 Hz) update rates reported in CTR liter-
ature [12]-[14]. While this falls below 1kHz servo loops, the
diffusion model targets high-level IK generation rather than
low-level actuation, fitting naturally into a hierarchical control
architecture.

IV. DI1SCUSSION AND CONCLUSION

CTR IK is inherently multimodal: deterministic regression
averages over valid modes, producing configurations that are
neither physically meaningful nor task-accurate. Framing IK as
a conditional generative problem lets the method approximate
po(y|c) and return multiple feasible solutions per query.
Sparse SE(3) target features embed backbone geometry into
the diffusion target, serving as a shape-aware regulariser whose
benefit grows with the geometric richness of the conditioning
input. Consequently, single-sample MSE against a recorded
q is not an adequate metric for redundant IK; distribution
coverage, FK consistency, constraint satisfaction, and best-of-
K accuracy are required.

For surgical autonomy, the method produces accurate,
physically feasible IK candidates at about 719Hz, suit-
able as a high-level planner in hierarchical control. Limi-
tations include evaluation on a single free-space prototype
and the added sampling cost of best-of-K inference. Future
work will explore few-step diffusion samplers, closed-loop
FK feedback, uncertainty-aware mode selection, and safety-
constrained planning for minimally invasive surgery deploy-
ment.
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