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Abstract

Extreme Value Theory (EVT) has been an research area of rapid growth in the
last decade, which is a crucial tool for environment study. Extreme precipitation
modelling is highly relied on EVT to describe the intensity and dependence struc-
ture of extreme rainfall events. R-Pareto process is one of the state-of-art theory
frameworks that is actively studied recently to model the extremes associated with
the theoretical risk function r(-) that is typically from L, norm risk function family,
which provides flexibility to define extremes.

This thesis develops a Bayesian mixture model of the R-Pareto process to jointly
represent and classify two physically distinct types of extreme rainfall: frontal and
convective events. The mixture formulation enables simultaneous inference on type
membership and parameters of the dependence model, providing a principled ap-
proach to both modelling and categorisation of extremes.

Through simulation studies, the proposed method accurately recovers range pa-
rameters with a fixed smoothness across scenarios with clearly separated as well
as partially overlapping parameter regimes. A dependence meansure diagnostic,
x%(S4, Sg), computed based on inferred event assignments, confirms that the two
classes remain statistically distinguishable under both regimes.

Applied to extreme rainfall in Tampa Bay, Florida, USA, the model yields precise
estimates of spatial range parameters and robust event-type classifications. The
inferred seasonal and dynamical patterns align closely with established findings in
the literature and with U.S. government geological reports.

Overall, this work extends the scope of the R-Pareto framework by introducing
a Bayesian mixture formulation that delivers accurate parameter estimation while
flexibly capturing multiple, co-occurring extremal phenomena within a unified spa-
tial model.
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CHAPTER 1

Introduction

Extreme Value Theory (EVT) has emerged as one of important statistic disciplines
for applied science in last eighty years. Its diverse range of modern applications has
resulted in extensive development of theory in a variety of areas including finance
(Candia and Herrera, 2024; Fuentes et al., 2025), engineering (Weng et al., 2024)
and environmental science (Hazra et al., 2025; Vidrio-Sahagtn et al., 2025). The
distinguish feature of EVT is the objective to quantify the stochastic behaviour of a
process at extreme large or small levels. EVT explores the asymptotic distribution
of the extremely large or small values, i.e. the tail distribution of a given probability
function. Many EV'T models have been proposed to model the univariate extremes.
Generalised Extreme Value (GEV) distribution is a model of the maxima of large
block of data (Jenkinson, 1955; De Haan and Ferreira, 2006). However, GEV does
not always perform well as taking block maxima leads to limited data. Gener-
alised Pareto Distribution (GPD) is proposed to model all points over one specific
threshold rather than maxima value in each block, which brings more usable data
points to fit the model(Balkema and De Haan, 1974; Pickands III, 1975; De Haan
and Ferreira, 2006). The Point Process Representation (PP) is an another theory
to represent the extremes. In fact, the GEV and GPD are the special cases of a
Poisson Point Process (PPP) to approximate the occurrence of those values that
exceed a high threshold(Ripley, 1976; De Haan and Ferreira, 2006).

Modelling multivariate extremes, especially the dependence structure in spatial ex-
tremes is an active area of research, with the max-stable process (De Haan, 1984;
Schlather, 2002) being the predominant theoretical framework. When extreme
events are defined as maxima recorded over long periods, max-stable processes
offer a broad class of models suitable for asymptotically dependent data. Among
these, the Brown—Resnick model (Brown and Resnick, 1977; Kabluchko et al., 2009)
is one of the most popular, due to its desirable Gaussian properties. Just as the
max-stable process is a generalisation of GEV in multivariate setting, R-Pareto
process is the analog of GPD in multivariate setting, which is a relatively recent
alternative spatial modelling framework defines extreme events as the realisations
of a process for which a risk functional exceeds some high threshold(Ferreira and
De Haan, 2014; de Fondeville and Davison, 2018, 2022) sharing the same theoreti-
cal foundations as max-stable processes. Most spatial extreme models are initially
constructed as max-stable processes from their spectral representation, and their
R-Pareto equivalents are then derived.



However, these parametric approaches for asymptotic models face major inferential
hurdles and are mostly based on the Brown—Resnick model, especially in realistic
applications in high dimensions. For example, environmental processes are often ob-
served over large spatial regions and with fine resolution, and having the dimension
D in the order of thousands is common. The likelihood function of such max-stable
process models is intractable in high dimensions unless low-dimensional approxima-
tions are used, such as composite likelihood (Padoan et al., 2010; Whitaker et al.,
2020) and Vecchia approximation (Huser et al., 2024), which are suitable for di-
mension up to 1000. However, the likelihood for R-Pareto process is more tractable
than for max-stable but still requires evaluation of an intractable normalising con-
stant, which can be avoided through score match (de Fondeville and Davison, 2018;
Lederer and Oesting, 2023) or choose special risk functions such as L; and L.
Motivated by this mathematical trick, Zhong et al. (2024) inferences any L, risk
function by simply maximising the likelihood of R-Pareto process with L; risk func-
tion and a large threshold, which provide a simpler and efficient inference framework
than score match approach.

Although there are various research paper tackling inference difficulties in multi-
variate setting, they only focus on a single type of extreme when fitting and infer-
encing the model. However, real world applications always contain multiple types
of extremes simultaneously. Extreme rainfall includes events characterised by lo-
calised, high intensity precipitation over a short timescale, and events marked by
relatively lower intensity but spanning a broader geographical region over an ex-
tended timescale. There is a huge blank in the area of jointly modelling of multiple
type of extremes. The purpose of this thesis, therefore, is to develop a systematic
framework to model multiple extremes jointly. In particular, the proposed statis-
tic model should model frontal and convective extreme rainfall jointly. And it can
identify the categorised labels based on a latent variable.

To complete this, the thesis will explore what likelihood function and risk func-
tion might be required, and what statistic model is able to model two types of
extremes jointly in the context of extreme precipitation. In addition, the thesis
will also evaluate the performance of the proposed model comprehensively to check
whether the inferred the membership indeed reflect the different spatial dependency.

The following thesis is organised as Chapter 2 will provide an overview of EVT,
as well as a review of recent developments and the state of art theories in the
modern literature. Chapter 3 and Chapter 4 will demonstrate the Bayesian mix-
ture model derived from standard R-Pareto process and verification on simulated
dataset. Chapter 5 will apply this proposed model to real world rainfall dataset and
show the results. Chapter 6 will provide a comprehensive discussion of this pro-
posed model and performance on simulated and real dataset. Chapter 7 will make a
conclusion of this thesis and describe where further developments or theories could
be made.



CHAPTER 2

Literature Review and Introduction to Extreme Value
Theory

This chapter will provide a literature review and introduction to Extreme Value
Theory. It introduces the Extreme Value Theory from the univariate to multivariate
and explains its strengths and weaknesses. Extreme Value Theory is a study of
events which occur rarely but potentially bring high impacts. It has been highly
used in modern applications such as financial risk modelling(Chaudhry et al., 2022),
climate change(Tabari, 2021) and healthcare(Karpov et al., 2022), which motivates
researchers to develop more flexible, efficient and accurate Extreme Value Theory
to satisfy the high demands in the real world. This chapter will summarise these
fundamental theorems of Extreme Value Theory.

2.1 Generalised Extreme Value

Generalised Extreme Value (GEV) framework is built based on block maxima. The
block maxima method involves dividing the total observation period into individual
non-overlapping periods, where each period consists of the same number of obser-
vations, which we will call n. Let the sequence X, X5, -+, X,, denote any of these
observation periods. Here, the sequence X1, X, --- , X,, are assumed to be indepen-
dent and identically distributed (i.i.d) random variable with common distribution
function F'. In applications, X, represents separate observations, such as hourly
rainfall, sea level and stock prices. The maximum value of this sequence is denoted
as

M, = max(Xy, Xo, -+, X,,) (2.1.1)

Assuming that n is finite and distribution function F' is known, the distribution of
block maximal is

Fu, (2) =P(M, < x)
= P(max(Xy, Xo, -, X,,) < x)
=PX; <z, Xo<uz,-,X, <2
=P(X <z)"
= F"(X)

However, the distribution function F' of random variable X is rarely known in
most of cases. Fortunately, Central Limit Theorem (CLT) would be helpful when
distribution function F' is unknown.



Definition 2.1.1. Let X;, X, n > 1 be real-valued random variables with distribu-
tion function F, and F. The sequence X, converges in distribution (weakly) to X
if and only if for all continuity point x of F

F.(x) = F(z), asn— oo

Assume that there exists sequences of constant a,, > 0, b, € R, and a non-degenerate
random variable with distribution function G, such that

MLy

The distribution function G is called Extreme Value Distribution.

Theorem 2.1.2 (Fisher and Tippett (1928); Gnedenko (1943)). The only possi-
ble limiting distribution G, up to location-scale transformation, is the Generalised
Extreme Value (GEV) distribution, i.e

P(Y <y) = Gely) = {eXp {_ 1+ 5?/]11/5} $70 G er (2.1.2)

exp{—exp{—y}} ~ £{=0

where z; = max(0, z).
The GEV distribution is characterised by its shape parameter £ € R, also known
as the extreme value index, unifying three limiting distribution.

Definition 2.1.3 (Type I Gumbel Distribution).
Aly) = Goly),y € R. (2.1.3)
Definition 2.1.4 (Type II Fréchet Distribution).
0 y <0,
o, (y) = . (2.1.4)
exp{-y “} y>0.

It corresponds to Ge((y — 1)/€) with £ =1/«
Definition 2.1.5 (Type III Weibull Distribution).

_ Jexp{=(=y)*}t y <0,
U(y) = {1 >0, (2.1.5)

It corresponds to Ge(—(y+1)/§) with £ = —1/a <0

With a location ¢ € R and a scale ¢ > 0 parameter completing the parameter
vector 0 = (u, 0,&), the distribution function of GEV becomes:

exp {— [L+¢ (1))} €#0
exp{—exp{-2£}} =0

Figure 2.1 shows the density of Gumbel Distribution, Fréchet Distribution and
Weibull Distribution respectively.

G(y|0) = { Vy e R (2.1.6)
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Figure 2.1: Probability Density Functions of the Gumbel, Fréchet, and Weibull
Distributions. These three families are unified by the Generalised Extreme Value
(GEV) distribution, where the shape parameter, £, governs the tail behaviour:
the Gumbel (¢ = 0) is unbounded with an exponential tail; the Fréchet (¢ = 1)
is heavy-tailed with a lower bound; and the Weibull (¢ = —1) has a finite upper
bound.

2.2 Generalised Pareto Distribution

Generalised Pareto Distribution is developed based on the exceedances of a high
threshold rather than the block maxima. Modelling only block maxima can be
wastefull if other data on extremes are available. For example, there are more
extremes in one block but only the maximum is picked but there is no extremes in
another block but maximum of them is also picked. Therefore, defining extreme
event based on a high threshold is naturally proposed, which provides the analysers
more usable data to fit the model.

Assuming that X is a random variable with right end point x*. For some high
threshold u < z*, let Y7, .-+ ,Y,, represent the exceedances of u by Xj ---X,, with

N,=card{i:i1=1,--- ,n,X; > u}

The exceedance distribution function of the random variable X (with df F') is given
by:

F(y) =PX—-—u<y|X>u)=PY <y|X>u),y>0 (2.2.1)

Theorem 2.2.1 (Pickands III (1975)). The conditional distribution of the ex-
ceedances converges to the generalised Pareto distribution (GPD) as u — oo under
the same conditions as those for the convergence of sample maxima. The df of GPD



18 defined by:
_ —-1/¢

1 — exp{—y} £=0,

{yzo £>0,

where  domain(Y) =
0<y<-1/§& £<0.

when £ > 0, we obtain the ordinary Pareto distribution, when £ = 0, we ob-
tain the Exponential distribution and when £ < 0, we obtain the short-tail Pareto
distribution as shown in Figure 2.2

Generalized Pareto Distribution (GPD) Densities (6=1)

1.0

Shape Parameter (2)

Ordinary Pareto (2=1.0)
- — — - Exponential (=0.0)
------- Short-tail Pareto (£=-0.5)

08
|

Density (fiy))
06
|

04

Excess Over Threshold (y)

Figure 2.2: Probability Density Functions of the Generalised Pareto Distribution
(GPD) for different values of the shape parameter ¢, with a fixed scale o = 1.
The shape parameter determines the tail behaviour: £ > 0 yields the heavy-tailed
Ordinary Pareto distribution; & = 0 yields the Exponential distribution; and £ < 0
yields the Short-tail Pareto distribution, which has a finite upper limit at ¥4, =

—o /€.

2.3 Point Process Representation

Think of a point process simply as a random distribution of point X; in space.
Let E denote the state space where the points live and {X;,7 > 1} be a countable
collection of points in E. A point process is characterised by a set of non-negative
integer valued random variables N(A) such that

N(A) =card{i: X; € A},forAe E

i.e. N(A) counts the number of X; € A.
The feature of a point process cam be characterised by

e intensity measure



e intensity (density) function

OA(A)

/\<X> - 8I1 tee 82L‘d

where A = [ay, z1] X -+ X [ag, 14] C RY.
Poisson Point Process (PPP) is one of point processes which is used widely in Spatial
Extreme value theory. A point process NV is called Poisson Point Process if it holds,

e For AC F and k > 0,

A AR
P(N(A) = k) — e M <k!) if A(A) < oo,

0 if A(A) = oo,
e For any m > 1, if Ay,...,A,, are mutually disjoint subsets of E, then
N(A,),...,N(A,,) are independent random variables.

A Poisson Point Process is said to be homogenous if its intensity A is proportional
to the length, area, volume, etc. of a set A. The intensity function is A(z) = A
where A represents the average number of point per unit of length, area and volume.
In addition, a Poisson Point Process is said to be non-homogenous if its intensity
function is non-stationary, it depends on the location of space A:

Similar to GEV, assume that F' is unknown and that the Extremal Type Theorem
applies, i.e. 3(a,) >0, (b,) € R s.t.

— _ —1/¢
(Mt <) i) -] - o (51)) )
(7% o +

for some p, 0 > 0 and €. We construct a sequence of point processes on R? by

Nn:{(n+1’ o ).z-l,...,n} (2.3.1)

Theorem 2.3.1 (Leadbetter et al. (2012)). Let y. and y* be the lower and upper
endpoints of G. On regions of the form [0,1] x [u, c0)

N, LN, asn— oo, (2.3.2)

where N 1s a non-homogeneous Poisson point process.

Corollary 2.3.2. On A = [t1,ts] X [y,y"), the intensity measure of the limiting
Poisson point process N is

A(A) = (s — 1) {1 : (%)} o (2.3.3)



The probability of each point in NV, falling into the region A, = [0, 1] X [u, 00| is

an

1 U — by
pn=B(Z— > ) & 14+ = —H]
n o

Let N, (A) be the number of points of N,, in region A. Because X;’s are i.i.d, NV, (A)
follows a binomial distribution Bin(n,p,). As n — oo, the binomial distribution
converges to a Poisson distribution with rate

A(AL) = [L+e=—F)

the rate is homogeneous in the time direction. Therefore, this is exactly the char-
acterising property of a non-homogeneous Poisson process with intensity function

At o) = 1+ e

o o

Since the process in homogeneous in time, we obtain the intensity measure of the
limiting process on any region A of the form [¢,t5] X (u,00) with 0 <t <ty < 1.
For all such non-overlapping set A the N(A) are independent and Poisson dis-
tributed. N, therefore, is a Poisson point process.

One advantage of Poisson Point Process is that PPP can unify both GEV and GPD
theories with point process representation. Let M, = max;—;__, X; and consider
the sequence of point processes

Nn:{( ! ,Xi_b"> :izl,...,n}
n+1 an

Taking A, = (0,1) x (z,00), the event

-----

Mn - bn . .
{— < z} is equivalent to the event {N,(A,) =0}

an

and therefore

P (M”—_b" < z) = P(N,(A.) = 0) = P(N(A,) = 0).

a

Since N follows a Poisson distribution,

P(N(A.) = 0) = exp{—A(A.)} = exp {— [1 e ( - “)} _”5} |

o +

The limiting distribution of normalised block maxima is the GEV.



Let N! = (nil’ X’a—_b"> be the i-th point in N,,. For a sufficiently large u, we recover

back GPD,

X. —b P (—X"a_b" > u+ :v>
—7, n > u) = i
P (—XH’" > u>

Qn

P (N € (0,1) x (u+ x,00))
P(N: € (0,1) x (u,00))
Al
Hive ()

~1/¢
_ [1 + f—ﬂ |
g

Poisson Point Process will be widely utilised in next chapter where Bayesian Mixture
Model is derived based on the PPP representation.

2.4 Max Stable Process

Univariant Extreme Value Theory is limited in real applications since there are more
than one variable we need to consider, for example, multiple locations, multiple
stocks, etc. A max-stable process extends GEV further to stochastic processes. A
max-stable process, Z, with unit Fréchet margins can be characterised as

Z(s) =sup RiW;(s), se€S& (2.4.1)
i>1
where Ry, Rs,... are the points of a Poisson Point Process (PPP) on (0,00) and
Wi(s), Wa(s),... are independent copies of a stochastic process W (s) with unit
mean(De Haan and Ferreira, 2006; Schlather, 2002). The exponent measure re-
stricted onto R? \ {0}, denoted by &, is given by

W (si)

X

k((0,2]°) = E {max {

i=1,...,D

H _ /OOO L= Pr(W € [0,ar))dr, z€Q, (2.4.2)

where ¢ denotes the complement, W = (W (s),...,W(sp))" and @ = R?\ {0}.
As such, the distribution function GG can be expressed as

G(z) =exp{—k([0,2]°)} = exp{-V(2)}, (2.4.3)

where V(z) is a homogeneous function of order —1 called the exponent func-
tion. The distribution function G(z) can also be viewed as the probability that
no points of the PPP with mean measure « ([0, z]¢) are greater than z at locations
Si,izl,...,D.

Let Bp = {1,...,D} and B, = {by,...,b} C Bp, where by < --- < by such
that zp, = = and zp, = (Tp,,...,Tp,). Let Qp, = {x€Q:2; =01if j ¢ By}
such that 0Q = {Qp,,VB, and k=1,...,D — 1} represents the boundaries of



Q, i.e., the set of all subspaces of 2. The interior of €2 is denoted by Q° =
{r €Q:2;>0,Vi € Bp}, ie, Q° = Q\ 9. Depending on the choice of W in
(1), the exponent measure x can put mass on both 92 and Q° with the intensity
function on each subspace (g, given by

li — 2.4.4
o, Ve (@) (2.4.4)
where Vg, = %. On €2°, it can be expressed as x(x) = —Vp, (z), where the

function k is referred to as the intensity function of the max-stable process.

2.5 Brown-Resnick Model

Brown-Resnick model is the most popular Max-Stable Process as it has desired
Gaussian property(Brown and Resnick, 1977; Kabluchko et al., 2009). Letting
W(s) = exp(Y(s) — 02/2) in equation 2.4.1, where Y (s) is Gussian random process
with zero means and variance o2, yield popular Brown-Resnick Model:

Z(s) =sup R;exp{W;(s) = d(s)}, seS (2.5.1)

i>1
where:

e R; are points from a Poisson point process (PPP) on (0,00) with intensity
r=2dr,
e W;(s) are independent replicates of a centered Gaussian process with station-
ary increments,
1

e )(s) = 5 Var(W(s)) ensures unit Fréchet margins.

2.6 R-Pareto Process

R-Pareto process is an extension of GPD just similar to Max-Stable Process is
an extension of GEV. The theory of R-Pareto process (Dombry and Ribatet, 2015;
de Fondeville and Davison, 2022) focuses on the limit distribution of stochastic pro-
cesses deemed extreme defined by some risk functional r(-). Assume the processes
deemed extreme according to some risk function r(-). Assuming the process X with
unit Pareto margins, i.e., P(X(s) > u) = 1/u,u > 1, satisfies the regular varying
conditions, i.e. lim, ,o, u Pr(X/u € B) = k(B) for all measurable sets B C C*(S),
where CT(S) is the space of non-negative functions on S, then the limiting process

Z(s) = tim 2 | (1x(s).5 € S} > ) (2.6.1)

u—0o U

defines a simple R-Pareto process on A, = {f € C*(S) : r(f) > 1} with the
probability measure x(- N A,)/k(A,). Its finite dimensional density is therefore
H"(‘ffg), for x € AP, where k is the intensity function previously defined and A"
is the set A, restricted to D dimensions.

Zhong et al. (2024) introduces a more flexible likelihood function for R-Pareto
process derived from Brown-Renick Model adding skewness that introduces more
anisotropic spatial dependency.

10



Formally, let W (s) = exp{Y (s) —a(s)} where Y(s) is a centred skew-normal process
with scale matrix ¥ and slant parameter «, and a(s) = log Elexp{Y(s)}]. The
corresponding max-stable process defined via (1) is called the skewed Brown-Resnick
process and is characterized by the following exponent function:

D 00 ~2 ~2
Vix) =S 0 (log | 58 ) + 2k 5y b (2.6.2)
00 9 y ks &~k Qs Tk | Ve
k—

1 Lk
where ¥ denotes the cdf of the extended skew-normal distribution (Zhong et al.,
2024), x*° = (x9°,...,2%), a5° = 2x;,D(1;0,1), k = 1,...,D, 7, = by, @ =
(@1,...,0p) = wl, w = /diag(%), § = (1 + a'XTa) T, T = w 'Sw, pu, =
A, Ap=(er,...,ep-1,—1,€x,...,ep_1), ek, k=1,...,D—1 are standard basis
vectors of dimension (D—1), X, = A3 XA ap = (1-6 ' wA] 2 Awd) V20,3, P Aywé,

and @ = /diag(Xg).

The density function of the skewed Brown-Resnick model is given by

20(7:0,1)[%["*(17q) "1/
(2m) PV [T,

K(x) =

1 2 - To !t 1
exp |:_§ |ilogxooTM lOgXOO +lOgXOOT (1?(1 +MGJ2> + q w X —(:)27TM(:J2:|:|
q

where q = X711, M=X"1—-qq'/1"q and

_ —-1/2 T ~9
~ (aTw 11>2 T -1 1q oo w 1

setting a = 0 implies &; = 0,7, = 0 and therefore £°° = x, recovering the Brown-
Resnick model. Likelihood function measures how well a statistical model explains
the observed data D by calculating the probability of seeing that data under differ-
ent parameter values of the model. The likelihood function of the R-Pareto process
is,

k(2 0)
0p(0:xy,. .. @) = log [ AZEZ) 2.6.4
o= 3 () 200
ie{mur(xm)>u}
where the numerator, x(z;; ), is the Eq (13) and the denominator K (.A,; @) is the
integration on the area A, with respect to x(z;; ).

Zhong et al. (2024) has proposed a state-of-art model with fast inference and flexible
spatial dependence in EVT field. Since Zhong et al. (2024)’s work, however, there
is still a huge gap in which models are not able to model multiple types of extreme
events jointly or classify multiple extreme events. Therefore, this gap is the position
where my thesis sits. We propose a Bayesian Mixture Model based on Zhong et al.
(2024)’s model to fit two types of rainfall extreme events: frontal and convective
jointly.
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CHAPTER 3

Bayesian Mixture Model

Multimodal data are common in statistics research and real applications. They
often appear when observations come from two or more underlying groups or pop-
ulations. The analysis of these types of data is often undertaken with mixture
model. In statistics, a mixture model is a probabilistic model for representing the
presence of subpopulations with an overall population, without requiring that an
observed data contain the explicit information about subpopulation to which an
individual observation belongs. The mixture model can be built in a Bayesian per-
spective, which not only estimate the value of parameters but also approximate a
posterior distribution of the parameters with uncertainty that is valuable informa-
tion in real world. In light of climate change, the extreme rainfall at a range of
scales and durations can vary from the very small and short (roughly 1km and 5
minutes) up to thousands of square kilometres and days. Acquiring such knowledge
of rainfall behaviour is critical for extreme rainfall monitoring and hazard preven-
tion. Extreme precipitation is caused by a mixture known and well-understood
processes. The primary drivers are convection, which produces spatially localised,
high-intensity precipitation events over short time scales (Schroeer et al., 2018).
Another processes that cause large scale extreme rainfall is called frontal, which
produces stratiform precipitation of lower intensity but affecting a much larger area
for a longer duration (Catto and Pfahl, 2013). Therefore, a Bayesian Mixture Model
is suitable to model extreme rainfall in nature.

Building on this framework, this chapter introduces the base models Brown-Resnick
Model and R -Pareto Process on a finite grid first and then introduces the proposed
Bayesian Mixture Model derived from an R-Pareto Process. We will provide a
detailed technical specification, outlining the model parameters, defining the likeli-
hood function, justifying the choice of priors, and describing the methodology for
approximating the posterior distribution.

3.1 Brown-Resnick Process and Semivariogram on a Finite Grid
Recapping the chapter 2 section 2.5, a spatial Gaussian random field is utilised to
represent the spatial dependency in Brown-Resnick Model. Formally, {s1,...,$,} C
R? be fixed spatial sites. A Brown-Resnick (BR) max-stable process {Z(s) : s € R?}
with semivariogram v : R? — [0, 00) admits the spectral representation.

Z(s) = max R; exp(VVi(s) — lv(s)), (3.1.1)

2
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where {R;} is a Poisson point process on (0,00) with intensity £72d¢, and {W;}
are i.i.d. centred Gaussian processes with stationary increments such that

(W(s) =W(@) = 27(s — 1), s,t € R% (3.1.2)
On the finite grid, the induced n x n matrix is
Si(y) = (s +(sy) —(si—s5), 1<ij<n (3.1.3)
The isotropic power semivariogram is utilised,
wo(h) = (IBI/6)°,  heR, (3.1.4)
with ¥ = 1.5 throughout, and write ¥(0) = 2(7971_5).
3.2 R-Pareto Process on a Grid and L; Risk Function

Let L : R"™ — [0, 00) denote a risk functional, here we take the L; risk function

Li(z) = %Z . (3.2.1)

For a high threshold u, define the exceedance set
X = {z €(0,00)" : Li(z) > u} and let {2} cx™, (3.2.2)

The limiting Peaks-Over-Threshold (POT) model induced by the BR process on
the grid is an R — Pareto law. Each exceedance admits the polar form

X = RV,  R~Pareto(l) (r>1), VeSI={v>0:> v=1},
=1

(3.2.3)
The detailed data generation is shown in appredix A.

3.3 Likelihood Function

A Likelihood function measures how well a statistical model explains the observed
data by calculating the probability of seeing that data under different parameter
values of the model. Zhong et al. (2024) proposed the intensity function 2.6.3 for
flexible R-Pareto process. In this thesis, we drop the skewness such that the inten-

sity function (angular (simplex) distribution of V' in equation 3.2.3) is determined
by %(6),

_ ~1/2
\E\ 1/2 (1Tq) 1 . . 2%
. %(6)) = | 1 1 '
k(x5 35(0)) 2n) DRI, xexpy— |log Mlogx +logx g + Mw
T, ,2
qw' —1 1,7 2
Swr 3.3.1
+ 17q + 1w Mw ( )

where ¢ = Y711, w = y/diag(¥) and M =X —¢qq"/17q.

13

)



The likelihood function, therefore, is formulated,

c@lo) =] % (3.3.2)

i

As we apply L; risk function to define the extremes with the function, we, therefore,
can drop the denominator in the likelihood function 3.3.2 as it is a constant such
that the likelihood is simplified,

L(x]f) = Hm«; 0) (3.3.3)

3.4 Bayesian Mixture Model

The mixture r-Pareto Process is modelled in a Bayesian perspective. We assume
that there are two distinct distributions (M = 2) in the observations: a Brown-
Resnick Process with long range and a Brown-Resnick Process with small range
corresponding to precipitation caused by frontal and convective respectively.

3.4.1 Variables

Formally, for observation y = {y1,v2, -, Yn}, the M-components (M = 2) mixture
distribution is

Flyi 16, 2) kafm Ui | Om (3.4.1)

where,

e fn(y | 0,,) depends on the parameter 6,, where f,, is the intensity func-
tion 3.3.1.
e )\, is proportion of y; from component m, > A, =1
There is an unobservable indicator variable z;,,:

1, if y; is drawn from the m** component
i = _ (3.4.2)
0, otherwise
Given the A, the distribution of z; = (21, -, zim) 18,
zi | A ~ Multinomial(1 : Ay, - -+, Apr) (3.4.3)
where

m(z | A) = le! o H Agim — H Aim (3.4.4)

so that
Pr(zym = 1) = A\, for all individual 4
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3.4.2  Mixture Joint Distribution
We suppose that data y are conditionally independent, and if z;,, = 1 then

M
m=1
Hence
Ly |20 =[] fwilz0=]] [H (i | Qm,zz)zlm]. (3.4.6)
=1 =1 =1
Now since z; | A ~ Multinomial(1 : Ay, ..., Ay), then
M n M
ﬂ(zi\)\):H)\Z”" and so 7(z | \) = HH)\f;[”
m=1 i=1 m=1
Hence

L(y,z | 0,A) = L(y | z,0) w(= | A)

n n M
:H[Hfmy2|0mazz ]HH/\;ZLm
i=1 Lm

i=1 m=1

(3.4.7)

:HH mfm yz|9 )}sz

i=1 m=1

3.4.3  Prior Distribution

Prior Distribution is a critical component in Bayesian framework, which represents
the prior knowledge or probability distribution before some evidence is taken into
account. For instance, the prior could be the probability of if earth is round before
we measure it actually. In Bayesian statistics, it describes our knowledge about the
model parameters. Bayes’s rule prescribes how to update the prior with new infor-
mation, i.e. observations to obtain the posterior probability distribution, which is
the conditional distribution of the uncertain quantity given new data.

Conjugate Prior means the prior distribution and corresponding posterior distribu-
tion belong to same parametric family.

Definition 3.4.1. if F is a class of sampling distribution (likelihoods) L(z|0), and
P is a class of prior distribution 7(0) for 6. then the class P is conjugate for F if

w(0|x) € P for all L(:|0) € F and w(-) € P (3.4.8)

Here is an example to illustrate the idea behind conjugate prior,

Example 3.4.2. Suppose we have x ~ Bin(n,0) and we wish to make inference on
0<6<1. Here

L(z|0) = (Z) 0"(1— 0", 2=0,...,n.
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While 7(0) will vary from problem to problem, we want to choose a prior family
that will simplify posterior computations. Specify 0 ~ Beta(a,b) so that

~ TI'(a+0b)
™) = T
o 0 (1 —6)"1

M1 -0t 0<o<1

Then, by Bayes’s Theorem:

7(0|z) o< L(x|0)m(0)
o 6°(1 — 6)" % 6°1(1 — 9)>!
— 9a+zfl<1 o e)bJrnf:Efl.

Since we know 7(0|x) is a proper density function, then we must have
0|z ~ Beta(a + z,b+n — x)

From this example, we know that staying within Beta family means posterior com-
putation is easy. We will use this conjugate prior to our proposed mixture model
later.

There are two parameters involves in the proposed mixture model: the range of
frontal rainfall and the range of convective rainfall. Let 6; denote the frontal ex-
tremes’ range parameter and 5 denote the convective extremes’ range parameter
based on the definition of semivariogram function 3.1.4. There’s an explicitly order
between two parameters ¢, > 6, according to the definition of frontal and convec-
tive precipitation.

Assuming that the prior for (6, ) is independent: (6, \) = 7(0)7(\). We define
the A is from Dirichlet(ayq, -+, apy):

M
Ao [ Aot (3.4.9)
m=1
where
e We always give Dirichlet(1,--- ,1) that is a non-informative prior

e Dirichlet m(\) is conjugate with Multinomial 7(z | A)
e When M = 2, the Dirichlet distribution reduces to the Beta distribution, and
the Multinomial distribution reduces to the Binomial distribution.

For range parameter 0, we give Gamma distribution Gamma(1,1). Since there is
an implicit order ¢; > #,, one mathematical trick we use here is that we give the
prior distributions for 6, and the gap ¢ such that

6 ~ Gamma(1l,1) 6 ~ Gamma(l,1) (3.4.10)

where 6; = 05 + 0.
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3.4.4 Mixture Joint Distribution
We suppose that data y are conditionally independent, and if z;,, = 1 then

M
FWil 2.0) = fui | 0m) = [T fu(wi | O, 2im)*m (3.4.11)
m=1
Hence
Ly |z0) =] fwi =0 =]] [ I fnlwi | Gm,zz)z““] . (3.4.12)
=1 =1 =1
Now since z; | A ~ Multinomial(1 : Ay, ..., Ay), then
M n M
w(zi | ) = H)\Z”" and so m(z | \) = HH)\f;[”
m=1 i=1 m=1
Hence

L(y,z|0,7) = Ly | z,0) m(z | A)

n M
[Hfm Yi | O, 2 Zm] ITIT %
m= m=1

=1

(3.4.13)

=1

mfm Yi ’ 0 )} o

n
1=

M
1 m=1

3.4.5  Mixture Posterior Distribution

The posterior probability is a type of conditional probability that results from up-
dating the prior probability with information summerised by the likelihood via
Bayes’s rule. In the context of Bayesian statistics, the posterior probability distri-
bution usually describes the epistemic uncertainty about parameters conditional on
a collection of the observed data. Particularly, we update the range parameters 6
and weight A conditioned on the extreme observations.

Formally, the mixture posterior distribution is given by,

70,2, A | y) < L(y | z,0) (2 | ) w(X) 7(0) (3.4.14)

where 7(f) denotes prior density for the parameters of the component models,
commonly 7(0) =[], 7 (6,). So we have,

(0,2, | y) ocH H A f(yi | 0 ))"m] [H/\f;gﬂllw(@) (3.4.15)

m=1

3.4.6 Monte Carlo Markov Chain for Fitting Model

Markov Chain Monte Carlo (MCMC) is a class of algorithms for sampling from
complicated probability distributions, especially posterior distributions in Bayesian
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models, where analytical solutions are unavailable. Two of the most common
MCMC techniques are:

e Gibbs sampling: update each parameter by sampling directly from its full
conditional distribution.

e Metropolis—Hastings (MH): propose a new value for a parameter from some
distribution and accept or reject it with a probability chosen to preserve the
target posterior as the stationary distribution.

In this thesis, we utilise both techniques: Gibbs for well-defined Dirichlet-Multinomial
conjugate and MH for the # in r-Pareto process spectral density function. Based
on the full mixture posterior distribution Eq 3.4.15, we are able to update the
parameter 6,,, \, z in order.

Update 0, We denote the 6, as the updated parameter. The full conditional
distribution is

T(Om | 4,20 0-m) o< [T £ Wi | 0)* o (61) (3.4.16)
i=1

where random walk proposal is utilised here to get new 6,,.

Update A The full conditional distribution is

n M M
7M1y, 0,2) o [T TT M dse ™ = T Ao (3.4.17)
i=1 m=1 m=1
where
e the distribution is proportion to Dirichlet(ay + nl,- - ap + nas)

® Ny, = Zz Zim
Update z Similarly, we denote z; as the updated parameter and z_; as the previous
value. The full conditional distribution is

m(zi | y,0,\, 2-;) [N f(yi | 0m)] 7™ (3.4.18)

=

1

3
I

where,

e Each z; is conditionally independent given A, 6.

Pr(zim = 1| X\, 0) < Ao f(Yi | Om) = Dim.-

Normalised probabilities Py, = Pim/ Y, Pim-

Full conditional is then z; ~ Multinomial(1 : p;1, ..., Din)-
When M = 2,

by — M (yi | 01)
TNy [ 00) + (L= N) f(ys | 6o)

We transform the whole process into log space for numerical stability. The detailed
algorithm is in appendix B.
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CHAPTER 4

Simulation Study

This chapter investigates the feasibility and correctness of the proposed Bayesian
mixture model under different conditions. Several simulation studies are conducted
due to the flexible control of the spatial dependency and number of observations.
The simulation study aims to investigate whether the proposed model would con-
verge under two distinguishable range parameters and whether the proposed model
would converge under two close range parameters. In addition, one weight func-
tion depending on time ¢ would be predefined and investigate whether the posterior
distribution of latent variable z would recover the predefined weight function. The
following sections introduce the spatial grid world creation, R-Pareto process sim-
ulation and results analysis of posterior distribution approximations.

4.1 Spatial Grid World

In order to model a realistic precipitation scenario, a spatial grid world is essen-
tially needed to model the size of the study region. A predefined parameter ¢ in
semivariogram is able to control the spatial dependency based on the distance.

In this thesis, we create a 10 x 10 square grid as our simulated region. In details,
the latitude is in the range from 1 to 100 with a unit length 10. And the longitude
is in the range from 1 to 100 with a unit length 10.

4.2 Distinguishable Parameters Simulation Study

We start from a easy case, which is that the subpopulations have two distinguishable
range parameters #; = 50, f; = 25 and A = 0.7. The range parameters build
the spatial dependency in the R-Pareto process based on Brown-Resnick Model.
Figure 4.1 shows the effects of the range parameter on spatial dependency.

19



0.12 0.07
0.06
0.05
0.04
0.03
0.02
0.01

0.00

0.10
0.08

lat
lat

0.06
0.04

20 40 60 80 100
20 40 60 80 100

0.02

0.00

0
1
0
1

-50 0 50 100 150 -50 0 50 100 150

(a) (b)

Figure 4.1: Simulated spatial-field realisations illustrating the effect of the range
parameter # on dependence. (a) 6 = 25 (short range): dependence decays rapidly
and high values remain localised. (b) § = 50 (long range): dependence decays more
slowly, producing broader, smoother regions of elevated values. Axes show grid
longitude/latitude; the colour bar indicates precipitation magnitude.

Applying the algorithm from Chapter 3, Section 3.4, with the hyperparameters in
Table 4.1, The posterior mean 91 = 50.037, 92 = 24.954 and A = 0.699 is shown
in Figure 4.2. In this simple setting, the proposed mixture model accurately re-
covers the ground truth, and the MCMC chains exhibit good mixing and remain
stable after burn-in. Additionally, we justify the posterior distribution of indicator
variable z as shown in Figure 4.3, which demonstrating that the proposed model is
very confident for assigning the categories about frontal or convective precipitation
events.

In order to show the natural difference between convective and frontal events, we
utilise x,(s4,sp) based on Equation 4.2.1.

Xq(sA,SB):Pr{Y(sB) Folo(@) | Y(sa) > Fyl, )(q)}, (4.2.1)

The upper tail index x(sa,sp) with quantile ¢ quantify extremal dependence for
a process Y (s) where F;(lsA) denotes the quantile function of Y (s4). The measure
X(s4, sp) determines the extremal dependence class; if x(sa,s5) > 0 or x(sa, Sg) =
0, then Y'(s4) and Y (sp) are asymptotically dependent or asymptotically indepen-
dent, respectively. In terms of Gaussian process, the dependence can be formulated

[
X(s4,55) = 2 — 20 \/% (M) , (4.2.2)

where ®(-) denotes The standard normal cumulative distribution function and
h(sa, sp) denotes the distance between locations s4 and sp.

We categorize the extremes based on a hard-coded posterior probability threshold
of 0.5. If the posterior probability of z exceeds this threshold, the event is assigned
as frontal extreme rainfall; otherwise, it is assigned as convective extreme rainfall.
The Figure 4.4 shows that the frontal rainfall (blue points) exhibits much stronger

20



Table 4.1: MCMC settings used in the distinguishable simulation study.

Schedule

Iterations 5000
Burn-in 1000
Thinning interval 2

Kept draws 4000

Priors

Mixing weight A Beta(1,1)
Range 6, Gamma(l, 1)

Offset § =60, — 0, Gamma(1,1)

Proposals & Initials

Proposal s.d. (log 6,) 0.01
Proposal s.d. (log §) 0.01

Initial A 0.5
Initial 6, 10
Initial § 39
Anchor site 1
Verbosity interval 50
Random seed 123

extremal dependence than convective rainfall (red points) as values of x,(s4, sp)
appears to tend to zero at a much faster rate for convective rainfall. We compute
the empirical x,(sa,sg) by equation 4.2.3. The fitted curves for the empirical ex-
tremal dependence, x(s4,sp), clearly illustrate the difference in spatial structure.
The convective rainfall (red curve) exhibits a very rapid decay toward zero as the
intersite distance, h(sa, Sg), increases, signifying a short range or localised depen-
dence structure. In contrast, the frontal rainfall (blue curve) shows a much slower
rate of decay, remaining significantly above zero even at large separations. This
gradual decay confirms a long range or broad scale dependence structure. Thus,
the figure visually confirms that the frontal rainfall exhibits much stronger extremal
dependence than convective rainfall at increasing intersite distances.

S Xilsa) > Fily, (@) Xilsn) > Fil,,(0)}
S 1 X(sa) > Pl (@)}

Xq(54,58) = (4.2.3)

where m denotes the number of replicates and 1 denotes the indicator function.
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Figure 4.2: Trace (top) and marginal posterior density (bottom) for A\, Ao, and 7
in the distinguishable-mixture simulation. The chains mix well and remain stable
after burn-in. Red dashed lines mark the true parameter values; the posteriors
concentrate near these targets, indicating accurate recovery by the proposed mixture

model.
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Figure 4.3: Posterior sample paths of the latent indicator z; for six representa-
tive locations (i € {1, 34, 56,201,344,1002}). Each panel shows z; across the kept
MCMC iterations after burn-in. The traces are essentially flat at 0 or 1 with no
label switching, implying posterior classification probabilities near 0 or 1 and strong
separability between the frontal and convective components.
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Figure 4.4: Empirical estimates of the upper tail dependence measure x,(S4, Sp)
against spatial distance h(sy, sg) for two rainfall components: frontal (blue) and
convective (red) at quantiles ¢ = 0.90 and ¢ = 0.95. The solid lines are the fitted
curves from the Gaussian Extremal Model. Frontal rainfall (blue) shows stronger
and longer-range extremal dependence (, decays slower) compared to convective
rainfall (red), which exhibits rapid decay.

4.3 Indistinguishable Parameters Simulation Study

This section examines whether the proposed model can recover parameters when
the two components are only weakly separated. We set the range parameters to
01 = 50, 6y = 40 and A = 0.7. The model is fitted using the same algorithm
as in Section 4.2, with the modified hyperparameters in Table 4.2. As similar to
the previous study, Figure 4.5 presents trace plots and marginal posteriors. The
posterior mean 6, = 49. 963, 65 = 39.914 and A = 0.704. The indicator paths in
Figure 4.3 exhibit frequent switches between 0 and 1, reflecting greater posterior
uncertainty in class membership when component parameters are similar (i.e., label-
switching behaviour). In contrast to the distinguishable setting—where classes are
assigned confidently and stably—the sampler here still centres on the true values
but shows increased uncertainty in allocations, as expected under weak separation.
Further, the empirical x,(sa,sp) is drawn based on the classified categories as
shown in Figure 4.7, which indicates that the proposed model still can capture the
correct spatial dependency between different extreme rainfall events and separate
them correctly.
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Table 4.2: MCMC settings used in the indistinguishable simulation study.

50.50
50.25
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49.50 49.75 50.00 50.25 50.50

Schedule

Iterations 5000
Burn-in 1000
Thinning interval 2

Kept draws 4000

Priors

Mixing weight A Beta(1,1)
Range 6, Gamma(1,1)
Offset § =60, — 0, Gamma(1,1)

Proposals & Initials

Proposal s.d. (log 65)
Proposal s.d. (log ¢)
Initial A

Initial 6,

Initial §

Anchor site
Verbosity interval
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Figure 4.5: Trace (top) and marginal posterior density (bottom) for 0y, 6,, and A
in the similar-subpopulation setting. The two components have close parameter
values, yielding broader and more overlapping posteriors. Red dashed lines mark
the true values; the chains remain stable after burn-in and centre on these targets,
indicating successful recovery despite weak separation.
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Figure 4.6: Posterior sample paths of the latent indicator z; for six representa-
tive locations in the similar-subpopulation setting. Unlike the distinguishable case,
several traces show frequent switches between 0 and 1, reflecting higher posterior
uncertainty in class membership when component parameters are close. A few sites
remain near a single state, indicating local identifiability, but overall the mixture is
harder to separate under weak component separation.
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Figure 4.7: Empirical estimates of the upper tail dependence measure X,(s4, Sp)
against spatial distance h(sy, sg) for two rainfall components: frontal (blue) and
convective (red) at quantiles ¢ = 0.90 and ¢ = 0.95. The solid lines are the fitted
curves derived from the Gaussian Extremal Model. Frontal rainfall (blue) shows
stronger and longer-range extremal dependence (y, decays slower) compared to
convective rainfall (red), which exhibits rapid decay.
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4.4 Posterior Concentration Under Increasing Sample Size

This section aims to investigate another property of one legit Bayesian Mixture
Model, which is that the posterior distribution would be concentrated on the truth
values as the sample size is increased. In this simulation, we keep previous sim-
ulation parameters setting: 6, = 50, 6, = 40 and A = 0.7. For sample size, the
candidates are NV = 500, N = 1000 and N = 2000. The posterior distributions are
shown in Figure 4.8. There’s a clear trend of the posterior distribution centred to
the ground truth values.

A 6, 6
25 i
| I
I
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20
15
15 MCMC Model
= 1.0
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O 10 D
I I
I I
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Figure 4.8: Posterior marginal densities for (), 0o, 605) under increasing sample size
(N € {500, 1000,2000}) with true parameters 6; = 50, f; = 40, and A = 0.7. Curves
correspond to fits M500 (blue), M1000 (red), and M2000 (green); vertical dashed
lines mark the true values. As N grows, the posteriors contract and concentrate
around the truth, illustrating posterior shrinkage and improved precision.

4.5 Time Variant Weight Function Simulation

In real-world precipitation, the probability that an event is frontal versus convective
typically varies smoothly over time. Our mixture model should therefore recover
this temporal pattern. To test this, we specify a continuous time-varying mixing
weight A(t) € [0, 1] and examine whether the posterior distribution of the indicator
z (its posterior mean) tracks the predefined A(¢) across the timeline.

Firstly, we define the time-varying mixing weight as
A(t) =0.5—0.5sint (4.5.1)

For the range parameters, we set #; = 30 and #; = 20 in this simulation. The mean
posterior distribution of indicator z is plotted in Figure 4.9. The posterior mean of
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the indicator z fairly tracks the ground truth values with small discrepancies near
rapid transitions where uncertainty appears.

Additionally, we investigate the generalisation of the proposed model to a differ-
ent time-varying weight function to show the model can really capture the correct
probability of frontal extremes.

A(t) = 0.5sint 4+ 0.5 (4.5.2)

We apply same parameters setting with previous simulation. And the posterior
mean is plotted in Figure 4.10.

In summary, across all simulations, the proposed model performs well. The MCMC
chains converge and remain stable around the true values; posterior classification
is highly certain in the distinguishable setting (no label switching) and exhibits the
expected uncertainty and occasional label switching when the component parame-
ters are similar. As sample size increases, the marginal posteriors contract toward
the ground truth (posterior concentration). Finally, the model accurately recov-
ers the time-varying mixing pattern, with the posterior mean of the frontal-event
probability closely tracking the true curve over time.
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Figure 4.9: Time-varying classification: posterior mean of the indicator z; (blue)
versus the ground-truth mixing weight A(¢) (red). The close alignment shows that
the model recovers the temporal pattern of frontal-convective prevalence; small
discrepancies appear mainly near rapid transitions where uncertainty is highest.
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Figure 4.10: Time-varying classification with an inverted mixing function: posterior

mean of the indicator z; (blue) versus the inverted ground-truth curve 1—A\(¢) (red).
The close correspondence indicates that the model adapts to the label swap (frontal

+» convective), with minor deviations occurring near rapid transitions.
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CHAPTER 5

Application

This chapter applies the proposed mixture model to precipitation data from the
Tampa Bay region, Florida, USA. Our aims are to (i) apply the proposed model
to fit the spatial range parameters of the extreme rainfall events in the hourly
precipitation data (ii) assign the category memberships to the extreme rainfalls
with frontal and convective. (iii) draw the mean posterior distribution of indicator
z to show the time-varying patterns of rainfall.

5.1 Dataset

We analyse precipitation over the Tampa Bay region (Florida, USA) using weather
radar measurements sampled every 15 minutes from 1995-2019, yielding 139,881
images with 4,449 spatial cells per image. Figure 5.1 shows a representative radar
snapshot. For clarity and reproducibility, in this chapter we restrict attention to
the full calendar year 1995.

a b c

Figure 5.1: Spatial maps of the study area over Florida. (a) The full Tampa Bay
coverage area, showing the complete spatial grid. (b) The restricted radar range
of the Bay, focusing on the central analysis region. (c) One replicate of the daily
rainfall field, mapped onto the radar grid with one replicate observed rainfall values
visualised using a continuous colour scale.

In this thesis, we apply many preprocesses to the data for simplifying the com-
putation since the whole spatial grid introduces high computational pressure to a
standard computer. In terms of rainfall data, we build the dataset based on hourly
time resolutions by summing them up. For spatial coordinates, one 14 x 14 squared
grid is framed manually from the original huge area as shown in Figure 5.2. The
coordinate system is EPSG:3577. EPSG:3577 (GDA94 / Australian Albers) is a
projected coordinate reference system based on an Albers Equal Area Conic pro-
jection defined on the GDA94 datum (GRSS80 ellipsoid), with units in metres. The
latitude range is from 16,357,547 to 16,388,530 and the longitude range is from
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-7,910,861 to -7,886,519. Finally, the coordinates are normalised into grid cell unit,
which means the 1 unit in prior corresponding to the length of 1 unit in the grid.

(@) (b)

Figure 5.2: Framed map over spatial map. (a) The map is framed by 14 x 14
squared grid. (b) One realisation of hourly rainfall over the squared grid region.

Let X € RT*% denote the rainfall field arranged as a matrix (rows = time points
t =1,...,T; columns = grid cells s = 1,...,5). We apply a sitewise marginal
transform to a unit—Pareto scale using only strictly positive amounts. For each site
s, let {x4s : x5 > 0} be the nonzero values and set

rank(z;s
Ups = ﬁ for z;, > 0, ugs = 0 for xys = 0, mg = zt: 1{xss > 0}.

To avoid boundary issues, truncate uy, € (¢,1 — &) with € = 107!°, then map to
a heavy-tailed scale via a Generalised Pareto quantile transform with (£, 3, u) =
(1,1,1):

ts = Qarp(us;§ = 1,8 =1,u=1),
yielding the unit—Pareto matrix Y = [y]. To focus on spatially extensive extremes,
compute an L, risk score at each time point as the spatial mean,

1 S
- E;yt&

and define a threshold ug g5 as the empirical 95th percentile of {Rgl)}le. Time
points with Rgl) > ug.95 are retained for subsequent analysis, producing the extreme

subset Y* = {y; : Ril) > uggo} With y; = (yu1,...,%s). We apply the same
preprocess to both three datasets.

5.2 Results

For the hourly esolution analysis, we fit the model as the setting shown in tabel 5.1.
Figure 5.3 displays trace plots and marginal posteriors for the range parameters
and mixing weight. The posterior means are 6, = 6.856, B, = 2.094, and \ = 0.419.
Given the working grid resolution (one grid unit ~ 1.38 km), these correspond to an
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Table 5.1: MCMC settings used in the Tempa Bay.

Schedule

Iterations 10000
Burn-in 2000
Thinning interval 2

Kept draws 8000

Priors

Mixing weight A Beta(1,1)
Range 6, Gamma(l, 1)

Offset § =60, — 0, Gamma(1,1)

Proposals & Initials

Proposal s.d. (log 6,) 0.01
Proposal s.d. (log §) 0.01

Initial A 0.5
Initial 6, 2
Initial § 4
Anchor site 1
Verbosity interval 50

effective long range dependence of approximately 9.46 km for the frontal regime and
a localised dependence of about 2.89 km for the convective regime, as illustrated in
Figure 5.5. Posterior sample paths of the indicator z (Figure 5.4) show stable clas-
sifications with minimal switching, consistent with the simulation results for well
separated components. The L; risk based spatial scale is 6.17 km, slightly larger
than but within two standard deviations of the estimate reported by Zhong et al.
(2024) as shown in table 5.2. Overall, the proposed model aligns with existing find-
ings while jointly capturing the distinct spatial footprints of frontal and convective
extremes.
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Figure 5.3: Tampa Bay application: trace (top) and marginal posterior density
(bottom) for 6y, 05, and mixing weight A. The chains show stable mixing after burn-
in with no apparent drifts, and the marginal posteriors are unimodal and reasonably
concentrated, indicating well-identified spatial ranges and mixture proportion for
the Tampa Bay rainfall field.

Table 5.2: Model Comparison and Proposed Mixture Results

A

~

Model Risk Function 0, 0 ]
BR L, 5.91
(1.71)
sBR L, 5.81
(1.74)
Mixture Model Ly 9.46 2.89 6.17
(0.054) (0.011) (0.028)
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Figure 5.4: Posterior sample paths of the latent indicator z; for six representa-
tive locations (i € {1, 64,107,309, 385,369}). Each panel shows z; across the kept
MCMC iterations after burn-in. The plots show the different confidence to assign
the membership to different samples
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Figure 5.5: Tampa Bay (hourly resolution): two representative extreme snapshots
used for regime assignment. Each grid cell side is ~ 1.38 km; colours map intensity
with yellow = higher values. (a) Localised, cellular yellow patches indicative of a
short-range convective pattern (estimated range ~ 2.76km from 6, = 2.093). (b)
Broad, coherent swaths of elevated intensity consistent with a long-range frontal
pattern (estimated range ~ 9.46 km from 0, = 6.856). These examples align with
the posterior mixing weight A = 0.420.

We further assess the fitted spatial regimes using an empirical extremal dependence
function. For each site pair (sa, sp) and high quantile ¢ € {0.90,0.95}, we compute
the empirical x,(sa,sp) and plot it against intersite distance h(sa,sp), colouring
points by their posterior component assignment. Figure 5.6 shows a clear contrast:
the convective component (red) exhibits a rapid decay of extremal dependence with
distance, approaching zero at moderate separations, whereas the frontal component
(blue) maintains appreciable dependence over longer ranges. These patterns are
consistent with the short range versus long range interpretations of the two regimes.
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Figure 5.6: Empirical extremal dependence by distance for Tampa Bay. Each point
represents a site pair (s4, sp) with the vertical coordinate x,(sa, sg) and horizontal
axis the intersite distance h(sy, sg), shown for ¢ = 0.90 (left) and ¢ = 0.95 (right).
Colours denote the extremes rainfall regime: Convective (red) and Frontal (blue).
The Convective pairs exhibit a steep decline of X, towards zero with distance,
indicating short range dependence, while the Frontal pairs retain non-negligible ex-
tremal dependence at larger separations, corroborating the fitted long range struc-
ture.

Figure 5.7 plots the posterior mean of the indicator z over time. A clear seasonal
pattern emerges: convective extremes occur much more frequently during the wet
season (June-September), accompanied by greater temporal variability in rainfall
intensity. In the dry season (November to early June), frontal extremes predominate
in the Tampa Bay record, but during the wet season convective events are more
common and conditions shift more rapidly.
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Figure 5.7: The posterior mean of indicator z: In the wet season (June - September)
Tempa Bay contains more localised convective rainfall and it changes rapidly. In
dry season (November - June) Tempa Bay includes more frontal rainfall and it is
more stable than wet season.
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CHAPTER 6

Discussion

This chapter reviewed a Bayesian mixture model built on the R-Pareto process,
together with simulation studies and an application to extreme precipitation. Our
goal was to demonstrate how a single, coherent framework can jointly represent
multiple types of extremes and deliver reliable classification alongside parameter
estimation.

Over the past eighty years, Extreme Value Theory (EVT) has expanded from uni-
variate to multivariate settings, with substantial progress on likelihood approxi-
mations in high dimensions. The R-Pareto process, defined via a analyser chosen
risk function r(-)), offers a flexible route to model threshold exceedances in space.
Recent advances on approximating general L, risk functions (Zhong et al., 2024)
further strengthen the case for R-Pareto modelling as a state-of-the-art approach
for spatial extremes.

A persistent gap in the literature is the absence of a single statistical model that
jointly accommodates distinct physical drivers of extremes within one inferential
pipeline. Extreme precipitation provides a natural testbed because it typically
comprises two archetypes frontal and convective events with different spatial de-
pendence ranges. We address this by proposing a Bayesian mixture of R-Pareto
components, where the Brown—Resnick semivariogram encodes type specific spatial
ranges. The mixture structure yields simultaneous inference on range parameters
and latent membership .

In simulation, the model accurately recovers the true range dependence parameters
across both well separated and partially overlapping subpopulations. The empirical
separation diagnostic x%(Sa, Sp) confirms that inferred memberships are statisti-
cally distinguishable in both regimes. Applied to Tampa Bay, the fitted model deliv-
ers plausible long and short range estimates consistent with the frontal/convective
dichotomy and seasonally coherent membership patterns that align with indepen-
dent hydrometeorological evidence, including patterns documented by the U.S. Ge-
ological Survey (Yates et al., 2011). Together, these results indicate that the model
captures salient features of extremal rainfall while providing interpretable classifi-
cations.

There are still several simplifications leave room for refinement:
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e Fized smoothness and isotropy. We fixed the smoothness 9 and did not model
anisotropy in the semivariogram. Both can be incorporated with additional
computational budget.

e Spatial domain size. For computational reasons we did not fit the model over
the full spatial lattice. The moedl can be fitted in full spatial region given
sufficient computing resources.

o Likelihood choice. We employed an L;-based angular likelihood. While Zhong
et al. (2024) argue that rejection sampling can approximate other L, likeli-
hoods at very high thresholds, practical sample sizes often fall short of asymp-
totic regimes; this can bias estimation relative to a “true” Ly data gener-
ating process.

o Fized number of components. We assumed two subpopulations. Allowing an
unknown number of components M would enable richer structure but requires
hierarchical priors and additional identification safeguards.

Several directions appear promising:
1. Richer spatial kernels. Joint inference for (#,v) and anisotropy within each
component.
2. General risk functions. Integrate L., or score matching based likelihoods
directly, and compare to Li-based approximations under finite thresholds.

3. Adaptive model complezity. Place a prior on M to discover multiple extremal
regimes.

4. Location miztures. Rather than assuming all sites share the same event type
at a given time, allow site level mixture memberships so different locations
can simultaneously exhibit frontal or convective extremes. This can be im-
plemented via spatially varying mixture weights or site specific latent labels
with spatial smoothing.

5. Broader applications. Extend to other environmental extremes (temperature,
wind) and to domains such as infrastructure risk and finance, where multiple
tail behaviours coexist.

Recent work explores joint estimation and clustering of multiple extremal behaviors,
including precipitation type separation (Richards et al., 2023). Compared with ap-
proaches that require extensive hyperparameter tuning or external pre-classification,
our mixture formulation learns memberships and spatial ranges within a single prob-
abilistic model, reducing manual intervention and propagating uncertainty consis-
tently. This integrated treatment is particularly valuable when regime boundaries
are fuzzy or seasonally evolving.

The proposed Bayesian R-Pareto mixture closes an important gap by modeling
multiple extremal regimes jointly while retaining interpretability and delivering ac-
curate parameter estimates. With the methodological extensions outlined above,
the framework can become a versatile tool for analyzing complex extremal phenom-
ena across environmental science and beyond.
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CHAPTER 7

Conclusion

EVT is crucial for tackling extreme data in climate change, sea levels, and forest
fires. Over the past decades, researchers have extended EVT from univariate to
multivariate settings and have continuously developed better likelihood approxima-
tions for high-dimensional cases. However, there remains a significant gap in jointly
modelling multiple types of extreme events. Mixture modelling offers a straight-
forward approach for data with multiple subpopulations. The proposed Bayesian
mixture model based on the state-of-the-art R-Pareto process not only yields pre-
cise parameter estimates but also models multiple extremes jointly with a single
likelihood function, an approach that is both novel and insightful.

In this thesis, we build a Bayesian mixture model to handle two types of extreme
rainfall: frontal extremes, which cause long range precipitation, and convective ex-
tremes, which lead to localised, high intensity precipitation. Specifically, Chapter 2
reviews EVT from classical univariate to multivariate models, tracing the develop-
ment from the last century to contemporary state-of-the-art methods. Chapter 3
introduces the proposed model’s variables, parameters, likelihood, mixture struc-
ture, and the use of Bayes’ rule for posterior inference. We also provide an example
illustrating conjugate priors and their advantages in Bayesian computation. Chap-
ter 4 presents comprehensive simulations to validate the proposed model. We ex-
amine both clearly distinguishable and closely similar subpopulations, and in both
scenarios the model accurately recovers the ground-truth parameters. The poste-
rior mean of the indicator z concentrates near 0 or 1, with more frequent switching
between the two when subpopulations are similar. We further compute the empir-
ical x2(S54,Sp) between locations and show that the model assigns memberships
correctly: frontal rainfall exhibits a longer range and slower decay than convec-
tive rainfall. Finally, we test whether the posterior mean of z tracks predefined
time-varying mixture weights; the fitted posterior means closely match the target
weights. Chapter 5 applies the model to rainfall data from Tampa Bay, Florida,
USA. Our estimated range parameters align well with existing literature, and the
empirical x2(S4, Sp) highlights the distinct characteristics of the two rainfall types.
Surprisingly, the seasonal patterns identified independently by our model are con-
sistent with U.S. Geological Survey findings in Florida, providing strong evidence
that our approach captures key data attributes and performs well in practice.

There are several promising directions for future work. Firstly, we can relax the

assumption on the number of subpopulations, since many applications may involve
more than two regimes. In addition, we can incorporate location level mixtures
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rather than assuming all sites share the same event type at the same time; some
locations may simultaneously exhibit frontal or convective extremes. Further, we
can consider alternative risk functions L, within the R-Pareto framework to capture
extremes with different characteristics.
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APPENDIX A

Simulated Data Generation Algorithms

This Chapter shows the algorithms we applied for simulating the data in our Chap-
ter 4. We compute the semivariogram function 3.1.4 based on fixed ¥ = 1.5 and
the range paramater 6 in algorithm 1.

Algorithm 1 BUILDGAMMA(S, d,0) (Power semivariogram with fixed ¢ = 1.5)

Require: Spatial locations & = {s1,...,s;} C RY, smoothness J = 1.5, range
6>0

Ensure: ' € R™? with entries I';; = v(s;, s;) = (||s; — st/é’)ﬁ and T';; =0

: Compute the pairwise distance matrix D € R¥? where D;; < ||s; — s;]|

. T+ (D/§)?

: fori=1toddo
I'y <0

end for

return I’

Based on the semivariogram function, we can compute the covariance between each
location and we store anchor site j, Cholesky decomposition L; and semivariogram
function about that site I'; for fast reconstruction when we build the Bronw-Resnick
model. The algorithm is shown in algorithm 2.

Algorithm 2 PREPBR(I")

Require: I' € R%*4
Ensure: List {P;}/_, with P; = (idx;, L;,T";)
1: d < nrow(I)
2: for j =1toddo
30 idx; « {1,....d}\ {j}
8 < liax,,j
¥ gl +1g" — Dy, idx,
Y X Helg
L; « chol(X)
P; < (idx;, L;, T;)
9: end for
10: return {P;}9_,
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We simulate the data as same procedure described in chapter 4 as shown in algo-
rithm 3.

Algorithm 3 SIMULATERPARETO(m, {P;}4.,)

Require: Number of samples m, prep list {P;}9_,

Ensure: Z € R™*“ rows are simulated R-Pareto vectors
1: for k=1tom do
2: J+1

(idx, L,T.;) < Py

Draw z ~ Ny_1(0,1) and set gigx < L'z, g5 < 0

Form g € R? with entries giqx and g

Y exp(g — F.J)

Y y/ys

vy Y v

Draw r ~ GPD(loc = 1, scale = 1, shape = 1)

10: Ly, ro’

11: end for

12: return 7
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APPENDIX B

Bayeisan MCMC in Log Space

This chapter will introduce the log version likelihood function, prior distribution,
posterior and updating rules.

B.1 Log Likelihood Function

log-likelihood without indicators. For numerical stability, log-likelihood is a com-
mon choice. The likelihood function of this model given observations y, parameter
0 and \ is

L(y|0, \) Hf yil6, \) (B.1.1)

where f(y;]0, \) is given by equation 3.4.1. Therefore, the log-likelihood function of
this model is

((yl, A) = log L(y|6, A) (B.1.2)
= Zlog(f(yz-lﬂ ) (B.1.3)
=D _108(3_ Anfm(3:l6m)) (B.1.4)

Log-likelihood with indicators. Let z, € {0,1} with Y 2y, = 1 and 2z | A ~
Multinomial(1 : Ay, ..., Ay ). The complete-data likelihood and its log form are

Ly, 21 0.0 = [T 1] Doty 1020]7, (B.1.5)
Uy, z | 0,\) = Z Z Zim (log Am + 1og fin(yi | Hm)) (B.1.6)

1 1

3
Il

(2

B.2 Log Prior Distribution
We assume independence 7(6,\) = 7(6)7(A).
Mizture weights. The weight vector A = (\1,..., Ays) follows a Dirichlet prior:

A ~ Dirichlet(ay, ..., ap), logm(\) = 1) log A\ (B.2.1)

M:

m=1
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Component parameters. When each 6, > 0 (e.g., Brown-Resnick range parame-
ters), we use independent Gamma priors in shape-rate form:

a
bym

['(am)

9 am—le—bmem
m

O ~ Gamma(ay,, by,), 7(0m) = , (B.2.2)

and therefore

M
logm(0) = Z [(am —1)log 0., — by + ay, log by, — log F(am)} : (B.2.3)

m=1

For vector parameters 6,, = (6,1, - . .), take independent Gamma priors across en-
tries:

M
logm(6) = 3% [(aw — 1) 108 Oj — b0 + Ay 108 by — log Dam ;)] .
m=1 j
B.3 Log Parameterisation

For mizture weights. Since A is constrained to the simplex, it is convenient to work
directly with log () as in (B.2.1).

For component parameters. For positive 6,,, we reparameterise via 7,, = log,,.
This ensures unconstrained proposals and symmetric random walks. By change of
variables,

NE

logm(n) = [amnm — by + ap log b, —logT'(am) |, (B.3.1)

1

3
I

where a,,n,, comes from (a,,—1) log 6,, plus the Jacobian term +,, due to 0,, = e".

Complete-data Log Posterior
Combining likelihood, priors, and indicators z, the complete-data log posterior is

M
logm(0, N,z | y) o< L(y,z|0,\)+logm(\) + Z log 7 (0,)- (B.3.2)
m=1

This expression provides the target distribution for the Metropolis—within—Gibbs
sampler.

B.4 Log Conditional Updates

We update (6, A, z) in sequence.

Update of 0,,. Write the log full conditional kernel for 6,, as

n

10g (O | 4,2, X, 0-m) o< > 2im 108 fin(yi | Om) + 108 7 (O). (B.4.1)

=1

If #,, contains positive components, propose on 7,, = log#,, with a symmetric
random walk (e.g. 7/, = 1 + €, € ~ N(0,%)), transform back 6/, = €=, and use
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the MH log-acceptance

)

+ <Z log 0, ; — Z log 0m1j>, (B.4.2)
J J

where the last line is the Jacobian difference for all positive coordinates of 0,,.

Update of X. Let n,, =", Zim. The log full conditional kernel is

M
logm(A]y,0,2) Z(nm + a,, — 1) log Ay, (B.4.3)
m=1
i.e. A\ |-~ Dirichlet(ay + ny, ..., an + nay).

Update of z;. Define the per-observation log-scores
Then the posterior class probabilities are obtained by normalisation:

exp(aim)

Tim = Pr<zim: 1 | yz,e,)\) = ZM exp(a )
k1 ik

(B.4.5)

and we draw
2~ Multinomial(l CTily . ,TiM). (B.4.6)

In summary, the algorithm 4 shows the overall process we actually utilise in my
thesis to fit the Bayesian MCMC process.
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Algorithm 4 Metropolis Hastings for 2-component r-Pareto BR mixture
Require: X, coordinates; A\ ~ Beta(ay,by), 02 ~ Gamma(ag, by), 0 ~
Gamma(a(;,b(g) 6y =0, +0; N, B,t, Sy, 5y,

Ensure: Draws of A, 01, 0y; 75; Z;.

1: Initialize A© € (0,1), 6 >0, 6@ > 0: 0¥ = 6 + 5©

2 Compute (”[i] = log fip (75 2(6")), £3"[i] = log fip (+7; £(65”)).

o NOPGERG
TNOVE (1 - A)el]
: for iter =1 to N do
- Update 0 = (0,,0):

sample zi(o) ~ Bernoulli(Ti(O)).

(iter—1)

= log 65"V s = 10g5

4

5

6:

7. Propose ny ~ N(n, s,), njs ~ N (s, Sni)-
8 0y =exp(ny), &' =exp(n;), 01 =0, +7".
9 Compute ¢} [i], 6,[i]. Let

[ — Z (zter 1) E(cu’/‘)[ ] ( (zter 1) )g(cur)[ H +1Og7T<0(cu7"))+10gﬂ_((g(cur))_{_log Qécm‘)_i_log 5(01

L= [0+ (1= 2" ]i]] +log m(6) +log w(8) +log 0 +log 8.

10: Accept with prob. min{1,e* ~%}; if accepted set Héiter) = @, olter)
y, 0§W> =0}, zg’t”) 0 Uy (iter) _ = {}; else keep previous.

11: Update A:

12: n =y zz.(”e’”*l), ng = m — nq; sample A#er) ~ Beta(ay + n1, by + ng).

13: Update z:

\(iter) 6@5””) [i] (iter)

14: T, = ; sample 2z, ~ Bernoulli(r;).

Aiter) g6 7li] 4 (1 — Aliten))e e )
15: if iter > B and (iter — B) mod t = 0 then

16 Store Aliter), 9§““), 9§iter); update 7;.
17: end if
18: end for

19: return stored draws; MH acceptance rate; 7;; 2; = 1{7; > 0.5}.
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